Guide to First-Order Logic Translations



Hi everybody:

~/



In last Friday's lecture, we falked about
how to franslafe stafements from English
info first—order logic,

— \//




< B

ranslating into logic is a skill That takes
some practice o get used fo, but once
you gel The hang of if, it's actually

not foo bad - and honestly i1 can be
a lot of fun:

— L~




—

N—
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In many ways, learning how fTo franslate
info first—order logic is like learning

how to program,

\//



P(x)

— —~

You've got this crazy set of sumbols and
ferms with precise meanings..

— \// Q(x, y)

R(x)

S(y)



Vx. (P(x) vV R(x) =
| Jy. (S(y) A Q(x, y))

— —~

.and the goal is combine them fogether
in a way that says something inferesting.

~— \//




N
The good news is that, like programming,

there are a lot of common pafferns that
come up Time and fime again in first—

order logic,
N—




— —~

Once you've golten the handle on these
patterns and fhe methodology of how to
do a translation, you'll find fhat it's
a lot easier To approach logic translations.




—

N—

~

Let's illustrate this with an analogy.

\//



private int sumOf(int[] elems) {
int result = 0;
for (int 1 = 0; 1 < elems.length; i++) {
result += elems[i];

}

return result;

— ™~

Take a look at this Java code.

~— \//




private int sumOf(int[] elems) {
int result = 0;
for (int 1 = 0; 1 < elems.length; i++) {
result += elems[i];

}

return result;

— ™~

This is a method that takes in an array
of integers and returns the sum of fhe
elements in That arvay.

~— \//




for (int 1 = 0; 1 < elems.length; i++) {

}

result += elems[i];

— ™~

Lef's focus on fhis for loop.

~— \//




for (int 1 = 0; 1 < elems.length; i++) {

}

result += elems[i];

— —~

1t you've been programming for a while,
you can look at this loop and pretfy quickly
read it as ‘loop over fhe elements of an

arvay” loop,
N—




for (int 1 = 0; 1 < elems.length; i++) {

}

result += elems[i];

— ™~

There's actually a lot going on in this
loop, Though,

~— \//




for|(int 1= O;li < elems.length; i++) {
=—elems[i];

}

—

™~

There's a variable declaration here
That makes a new variable that tracks

N—

an index..

\//



for (int 1 = 0; 1 < elems.lengthy i++) [
result += elems[i];

}

— ™~

.there's an increment operator used 1o
advance Thal index through the array..

~— \//




for (int 1 = ;i < elems.length; 1++) {
}

result +=| elems[i];

— ™~

.a selection statement that picks out a
single arvay element by using the variable
we declared in the loop.

~— \//




for (int 1 = O;{i < elems.length;| i++) {

}

result += elems{ti:

— T~

.and a fest 1o see whether we've read

everything fThaf velies specifically on using

the < operafor and not other operators
like == or <=,

~— \//




for (int 1 = 0; 1 < elems.length; i++) {

}

result += elems[i];

~When you've first learning to program, ~N\
code like this can seem really, really
complicated, but when you've been
programming for a while you don't

Think about it Th%/




for (int 1 = 0; 1 < elems.length; i++) {

}

result += elems[i];

— ™~

It's just ‘idiomatic® code - you know what
it does by sight even if you don't Think
foo hard about what it means,

~— \//




—
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In many ways, first—order logic formulas

N—

are The same way,

\//



Vp. (Person(p) —
dqg. (Person(q) A p # q A
Loves(p, q)

) _— —
) Here's a firsT—order logic tormula

from lecture, It objectively has a lot
of symbols sfrewn throughout it,

N— \//




Vp. (Person(p) —

dq. (Person(q) A p # q A

)

Loves(p, q)

—

N—

—~

However, once you've gotlen the hang

of the idiomatfic first—order logic

patterns, you'll see that this actually

isn't that bad:




Vp. (Person(p) —
dqg. (Person(q) A p # q A
Loves(p, q)
) 7 IF you tried fo build this Tormula )

) completely from scratch, it would be
really challenging., However, it you know the
patterns and how 1o string them together,

This is a very nafural formula to wrife.
\ % \//




Vp. (Person(p) —
dqg. (Person(q) A p # q A
Loves(p, q)
) " This auide is designed fo feach you )

) what these common patferns are, how
fo combine them together, and how to
use Them to franslate complicated

" sTaTemeMS‘\//




Vp. (Person(p) —
dq. (Person(q) A p # q A
Loves(p, q)
)
)
Think of it as a crash course in
E first—order logic pvoqmm\mmq/.j




Vp. (Person(p) —
dq. (Person(q) A p # q A

Loves(p, q)
|: With that said, \e’f'siﬁaﬁig

)




mﬁ ot the time, when you're wvifiﬁ

sfatements in first—order logic, you'll
be making a sfatement of the form
‘every X has properTy Y* or ‘some X has




—

™~

Statements of these (usually) fall info
one of four tundamental fypes of

N—

statements,

—



“All Ps are Qs.”

“No Ps are Qs.”

“Some Ps are (Qs.”

“Some Ps aren't Qs.”

~

SN—

These four classes of stafements are called N
Aristotelian Forms, since they were first described
by Aristotle in his work *Prior Analyfics® .. Though
you don't need to know that unless you want to

A A

show off at cocktail parties, “_ I/

——



“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

On Wednesday, we saw how to franslate fhese statements info
first—order logic, Here's what we came up with,

r

——




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

— T~

In lecture we spent fime falking about why V gets
paired with = and why 3 gefs paired with A, We already falked
in lecture about why this is, so we're not going 1o review it
here, After all, our goal is To see how fo use these
patferns, not how to derive them.,

— _—

——




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
/Howevev, you absolutely should memorize these paﬁenb

They've like the *loop over an array” for loop paftern in
Java, C, or C++ - they come up frequently and you ulfimately
want fo gef to the point where you can easily read and

— wrife them as a unit, I/

——




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Now, let's see how we can use these tour stafements
as building blocks tor constructing larger statements,

r

——




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

_

magine that we have fhese predicates available fo us
To use..




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Every orange cat is fluffy.

/

Available Predicates: ~and that we want to translate fhis statement info

\

first— loaic,
Orange(x) rst—order logic

Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Every orange cat is fluffy.

/

Available Predicates: Let's see how we can use These formulas To help

\

Orange(x) out our Tfranslation,

Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

Every orange cat is fluffy.

|: First, what kind ot statement is this?




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Every orange cat is fluffy.

4 . : ) 1T seems to look a lot like this one - we're saying that
Available Predicates: | .
all objects of one kind (orange cafs) are also of
Orange(x) another kind (flutfy).

Cat(x)
Fluffy(x)

/




“All Ps are Qs.”
Vx. (P(x) » Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

Every orange cat is fluffy.

_

Based on that..




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat — x is fluffy)

/

Available Predicates: .we can sfarf adding in a bit of structure to our

\

Orange(x) first—order logic formula.

Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat — x is fluffy)

/

Available Predicates:

R From here, our goal is To keep replacing the remaining
English statements in the formula with something in

Orange(x) first—order logic that says the same thing.
Cat(x)
Fluffy(x)




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat — x is fluffy)

/

franslate..

\
Available Predicates: |: For example, this part of the formula is easy o

Orange(x)
Cat(x)
Fluffy(x)

/




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

Vx. (x is an orange cat — x is fluffy)

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

.because we have a predicate That directly expresses
fThis idea




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat = Fluffy(x))

/

Progress!

\
Available Predicates: |: So let's go and snap thal predicate in fhere,

Orange(x)
Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat = Fluffy(x))

/

Available Predicates: So what about the rest of the formula? How do we

\

express The idea thal x is an orange cat?
Orange(x)

Cat(x)
Fluffy(x)




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat = Fluffy(x))

/A lable Predicat \ Well, we have Two independent predicates — orange(x)
variapte fredicates: and Caf(x) - that each express a parf of the idea,
Orange(x) How can we combine Them together?

Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat = Fluffy(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

|: Lef's begin by seeing how not to do this.




“All Ps are Qs.” “Some Ps are (s.”

x. (P(x) =» Q(x)) Ix. (P(x) A QX))

“No Ps are Qs.” “Some Ps aren't Qs.”

Vx. (P(x) = —=Q(x)) Ix. (P(x) A ~Q(x))

A Vx. (x is an orange cat = Fluffy(x)) A

e ~ —— ——
. . . I'm going to pul up our Trusty warning indicators fo
Available Predicates: show that what we've about fo do is a really bad

Orange(x) idea,
Cat(x)
Fluffy(x)

/




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

A\

Vx. (Orange(Cat(x)) = Fluffy(x)) A

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

/

Here's something common we see people do that
doesn't work,




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

A\

Vx. (Orange(Cat(x)) = Fluffy(x)) A

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

Eh

is superficially looks like it works correctly — it seems
like it's saying that x is a cal thal's orange.




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

A\

Vx. (Orange(Cat(x)) = Fluffy(x)) A

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

/

|je problem is that it's not syntactically valid - it's the

sort of mistake thal would be a ‘compiler error in
many languages.




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) = Q(x)) x. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) = =Q(x)) Ix. (P(x) A ~Q(X))
VAN Vx. (Orange(Cat(x)) = Fluffy(x)) VAN
4 R The reason this doesn*t work is that Oran d
. . _ ge and Cat
AN TR NEIEs: are predicates - they fake in objects and produce either
Orange(x) frue or false,
Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) = Q(x)) x. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) = =Q(x)) Ix. (P(x) A 7Q(x))
N Vx. (Orange(Cat(x)) — Fluffy(x)) N
boolean
4 N This means Thal the statement Caf(x) evaluates to
AIEIEDNE TR ETEs: either *true” or *false.” Infuitively, it fakes in an
Orange(x) object and returns a boolean,
Cat(x)

Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) ax. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) » = Q(x)) Ix. (P(x) A =Q(X))
VAN Vx. (Orange(Cat(x)) = Fluffy(x)) VAN
boolean
4 R The problem is thal orange expects that it will take in

AN SIS, an object and return a boolean - but it's not being

Orange(x) provided an object as inpuf:
Cat(x)
Fluffy(x)

/




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

A\

Vx. (Orange(Cat(x)) = Fluffy(x)) A

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

boolean

_

This is the first—order logic equivalent of a fype
ervor,




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
VAN Vx. (Orange(Cat(x)) = Fluffy(x)) VAN
boolean
4 R So even Though this might at first glance seem right,

Available Predicates:

iT's not actually legal. so we're going o have to
Orange(x) find some other way of expressing this idea!
Cat(x)
Fluffy(x)

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is an orange cat = Fluffy(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

|: Let's revert back to whal we had betore.




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

Vx. (x is an orange cat = Fluffy(x))

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

E\Ie've Trying To express the idea that x is an orange
cat,




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

Vx. (x is orange and x is a cat = Fluffy(x))

_

f you think about it, that's fthe same as saying fhat
x is an orange and that x is a caf,




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

Vx. (x is orange and x is a cat = Fluffy(x))

_

his is somefhing that's a lot easier fo franslate into
first—order logic.




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

Vx. (x is orange A x is a cat = Fluffy(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

_

The ‘and,” for example, just becomes a a
connective,




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Orange(x) AN Cat(x) = Fluffy(x))

/Available Predicates:\ And, given the predicates we have available, we can

franslate fThe left and right halves of that expression
Orange(x) divectly info first—order logic.,
Cat(x)
Fluffy(x)

/




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

Vx. (Orange(x) AN Cat(x) = Fluffy(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

/

_

Tadar We're done.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Orange(x) AN Cat(x) = Fluffy(x))

/

\
Available Predicates:
Orange(x)
Cat(x)
Fluffy(x)

—

Although this wasn't a particularly complicated example,
especially compared to what we did in class the ofher
day, 1 do fhink it's helpful to see where it comes from,

/

since we walked through it step—by—step.
N—




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

/

\

Available Predicates:

Orange(x)
Cat(x)
Fluffy(x)

Ijopefu\\q, That wasn't too bad: Let's go and do amoTheiI
one,

—~—/




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

/

\

Available Predicates:

.

Corgi(x)
Person(x)
Loves(x, y)

~ N

Let's change our available set of predicates so that we
can Talk aboul whether something's a corgi, whether
something's a person, and whether one fhing x
loves another thing y,

/

N— \//



“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

There's a corgi that loves everyone.

4 I
Available Predicates: With fThese predicates, let's see how 1o translate
, this statement info first—order logic,
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

There's a corgi that loves everyone.

4 I
Available Predicates: Again, we can starf off by asking what kind of statement
, This is, What exactly is it that we've talking about here?
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

There's a corgi that loves everyone.

4 . . ) Fundamentally, we're saying that somewhere out there in
Available Predicates: . S . .
the vast, magical world we live in, there is a corgi fhat

Corgi(x) has some specific sef of properties,
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

There's a corgi that loves everyone.

4 N
Available Predicates: (Specifically, the corgi has the property that it loves
, everyone!)
Corgi(x)
Person(x)
Loves(x, y)
- /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

There's a corgi that loves everyone.

/

\
Available Predicates:
Corgi(x)
Person(x)

.

Loves(x, y)

That statement looks a lot like this one over here — we've
saying that some corgis happen 1o love everyone.




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (x is a corgi N x loves everyone)

4 I
Available Predicates: We'll partially franslate our statement by using that
, general pattern,
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (x is a corgi N x loves everyone)

/A lable Predicat \ As betore, we'll confinue to make incremental progress
varaple fredicates: franslafing bits and pieces ot this formula unfil we
Corgi(x) arvive af the final result,

Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) A x loves everyone)

4 N
Available Predicates: For example, we can directly express the idea fhat x is
¥ let do that,
Corgi(x) a corgi, so lef's go do fha
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) A x loves everyone)

e I
Available Predicates: Now, we have To Think about how fo franslate fhe
Tat nt *x | ne.,”
Corgi(x) statement *x loves everyone
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) A x loves everyone)

a8 R Tts ot immediately clear how to do tuis given fhe
Available Predicates: .

four general torms we have above, This means that

Corgi(x) we need fo think a bit before we move on,

Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) A x loves everyone)

4 I
Available Predicates: When franslating statements like these, it sometfimes helps
, fo infroduce variables representing names for things.
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) N x loves every person y)

Available Predicates: So, for example, we could rewrife *x loves everyone® fo
‘v loves every person y.,”
Corgi(x) ¢ P k
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) N x loves every person y)

Available Predicates: This is suggesTing thal we're probably going To wa.vﬁ To
use one of the femplates on the lett, since this

Corgi(x) stafement says something about every person y,
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) N x loves every person y)

- A v p—
Available Predicates: To see exactly how This matches, we might want to

rewrife this blue part fo focus more on whal we've

Corgi(x) saying about y,
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

dx. (Corgi(x) N every person y is loved by x)

nen ol

hen I was learning how to write, I remember being
that the passive voice should not be used. But somefimes,

4 N like in tThis case, iT's actually helpful for exposing fhe
Available Predicates:

structure of what's going on - every person ¢ is

Corgi(x) | loved by x.
Person(x) \//
Loves(x, y)

. /




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

dx. (Corgi(x) N every person y is loved by x)

/

\

Available Predicates:

.

Corgi(x)
Person(x)
Loves(x, y)

—

N

It we write things this way, it becomes a bif clearer

/

N—

That this statement matches this first general
pattern., Lef's go and apply if:

\//



“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (y is a person = y is loved by Xx)
)

4 I
Available Predicates:
Tadar
Corgi(x)
Person(x)
Loves(x, y) T

. /




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

3x. (Corgi(x) A

)

/

\

Available Predicates:

.

Corgi(x)
Person(x)
Loves(x, y)

Vy. (y is a person = y is loved by Xx)

m\ notice that I've wriften this part of the Fo\

rmula
on the next line and indenfed it, It's extremely useful
fo structfure the formula fhis way - it shows whaf's nested
inside of what and clarifies The scope of the variables
involved, While it's not strictly required thal you do

@m your own Translations, wew



“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (y is a person = y is loved by Xx)
)

/Available Predicates-\ Now that we're here, we can do the finishing touches
' of franslating this statement by replacing these blue
Corgi(x) parfs with predicates:

Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))

)

/

\
Available Predicates:
Corgi(x)
Person(x)
Loves(x, y)

.

/

|: That gives this, our final statement,




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))
)

o i
Available Predicates: And hey: We're done:

Corgi(x)
Person(x)
Loves(x, y)

.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))
)

formula that we came up with,

4 I
Available Predicates: |: Before we move on, lef's pause and look at the

Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))

)

/

\
Available Predicates:
Corgi(x)
Person(x)

.

Loves(x, y)

/JusT as we can use the above patferns 1o Tvams\afe\
the original statement info logic, we can use those
same patferns to franslate this out of logic and back
info English (or any language ot your choice,

/

\ Yea\\%!) \//



“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

3x. (Corgi(x) A

)

/

\

Available Predicates:
Corgi(x)

.

form ‘some Ps are Qs’.

This first part is the start of a statement of the :l

Person(x)
Loves(x, y)

/

—~—/



“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A

)
There is a corgi...
4 I
Available Predicates:
|: So we can start our translation like this, :l
Corgi(x)
Person(x) /
Loves(x, y) ~

. /




“All Ps are Qs.”
Vx. (P(x) = Q(x))

“No Ps are Qs.”

Vx. (P(x) » =Q(x))

“Some Ps are Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A 7Q(x))

3x. (Corgi(x) A
Vy. (Person(y) )

)

/

\
Available Predicates:
Corgi(x)
Person(x)

.

Loves(x, y)

There is a corgi...

_

This part of the stafement starts off a statement of
the form *all Ps are Qs’.

/

ey



“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) )
)

There is a corgi
that every person...

/

\
Available Predicates:
I: .so we can confinue our Translation like this, :l
Corgi(x)
Person(x) /
Loves(x, y) —~
/)

.




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))

)

/

\
Available Predicates:
Corgi(x)
Person(x)
Loves(x, y)

.

/

There is a corgi
that every person
is loved by.

Ehe last bit is a predicate, so we can just read it OH:]

/

gy




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))

)
There is a corgi
that every person
is loved by.
4 N
ATHEIND S TEE e Es: We now have a (grammatically awkward) but correct
Corgi(x) Translation of our logic statement back into English,
Person(x) /
Loves(x, y) —~

.




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

3x. (Corgi(x) A
Vy. (Person(y) — Loves(x, y))
)

“There is a corgi that
loves everyone.”

a8 N
Available Predicates: Ij\/ifh a bif of English rewrifing, we can gef back to ouZl

Corgi(x) original stafement, Niftyr Looks like we got it right:

Person(x) /
Loves(x, y) ~

.




“All Ps are Qs.”
Vx. (P(x) » QO(x))

“No Ps are Qs.”
Vx. (P(x) » QX))

“Some Ps are (Qs.”

dx. (P(x) A Q(X))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

/

\

AIEIEDNE TR ETEs: Let's try another franslation, just fo gel some more
Corgi(x) practice with This skill,

.

Person(x)
Loves(x, y)

\/



“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

/

\
Available Predicates:
Corgi(x)
Person(x)
Loves(x, y)

.

/

|: How might we translate this statement?




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

4 . . R Before we walk through This one, why don't you fry
Available Predicates: . . . .

Translating This one on your own? Try using a similar

Corgi(x) thought process to the one we used earlier,

Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

@ R
Available Predicates: Did you actually try this? Because if you didn't, you
Corgi(x) really should. Like, seriously.
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

4 I
Available Predicates: So you translated the statement on your own? Great:
. Let's do this one fogether,
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

4 I
Available Predicates: First, we need fo start off by thinking about what
Corgi(x) exactly This statement says.
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

4 I
Available Predicates: This says ‘it you pick any person, you'll find that
, there's some corgi that they like,”
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Everybody loves at least one corgi.

a8 0
Available Predicates: That's a statement of this fype.
Corgi(x)
Person(x)
Loves(x, y)

.

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) » Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (x is a person — x loves at least one corgi)

/

Available Predicates:

.

\

.50 we can make some inifial progress like This,

Corgi(x)
Person(x)
Loves(x, y)

/




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) — x loves at least one corgi)

4 )
Available Predicates: From here, we can translate the *x is a person’ part
, divectly into first—order logic.
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
x loves at least one corgi

)
4 I
Available Predicates: Now, we have to figure out how to franslate that
. last part,
Corgi(x)
Person(x)
Loves(x, y)
\ %




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) —
x loves at least one corgi y

)
e I
Available Predicates: As before, let's introduce more variables so that we
Corgi(x) have names for things.
Person(x)
Loves(x, y)
\ /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
there is a corgi y that is loved by x

)
4 I
Available Predicates: And, as betore, let's fiddle around with fhe verb
, strucfure fo make clearer what kind of stafement fhis is,
Corgi(x)
Person(x)
Loves(x, y)
. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
there is a corgi y that is loved by x

)
4 . . R From here iT's (hopefully) a bif clearer that this is
Available Predicates: \ , .
a “some P's are Q's” sTatement - some corgis
Corgi(x) happen to be loved by person x,

Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (Qs.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
dy. (yis acorgi N y is loved by x)
)

4 N
Available Predicates: We can make more progress on our Translation by
using that femplate,

Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
dy. (yis acorgi N y is loved by x)

)
4 I -
Available Predicates: AT this point we just need To puf in the finishing Touches
, and rewrife the blue parts using predicates..
Corgi(x)
Person(x)
Loves(x, y)

. /




“All Ps are Qs.”
Vx. (P(x) = Q(x))

“No Ps are Qs.”
Vx. (P(x) - =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(X))

“Some Ps aren't Qs.”

Ix. (P(x) A ~Q(X))

Vx. (Person(x) -

dy. (Corgi(y) A Loves(x, y))

)

/

\
Available Predicates:
Corgi(x)
Person(x)
Loves(x, y)

.

/

_

Jlike Thist Tadar We're done.




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

3x. (Corgi(x) A

Vx. (Person(x) -

Vy. (Person(y) — Loves(x, y)) Jy. (Corgi(y) A Loves(x, y))
) )
4 I
Available Predicates: 1t's inferesting fo put the Two statements we
, franslafed side—by—side with one another,
Corgi(x)
Person(x)

Loves(x, y)

. /




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

3x. (Corgi(x) A

)

/

\
Available Predicates:
Corgi(x)
Person(x)

.

Loves(x, y)

Vy. (Person(y) — Loves(x, y))

Vx. (Person(x) -
dy. (Corgi(y) A Loves(x, y))
)

_

These statements have a lot of similarities, though
they've clearly different in a number of ways.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) = Q(x)) x. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) = =Q(x)) Ix. (P(x) A 7Q(x))
Jx. Vx.
Vy. dy.
/Ome major difference between fhese fwo is the ovdev\
4 . ' N\ in which the quantfifiers appear. The first has fhem
Available Predicates: in The order IV, and the second has them in the order
Corgi(x) va.
Person(x) ~— \//

.

Loves(x, y)




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A QX))

Jx.
Yy.

4 I
Available Predicates:
Corgi(x)
Person(x)

.

Loves(x, y)

VX.
dy.

—

Something we'd rveally like to stress is that, when we
did these franslations, we didn't just magically *quess”
that we needed those particular gquantifiers and that they

N—

would be in these orders.




“All Ps are Qs.”
Vx. (P(x) - Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(x))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

Jx.
Yy.

4 I
Available Predicates:
Corgi(x)
Person(x)

.

VX.
dy.

e

—

Instead, we started off with the original statement and
incrementally franslated it top—down, only adding in fhe

Loves(x, y)

N—

guantifiers when we needed fhem,

\//



“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) = Q(x)) x. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) = =Q(x)) Ix. (P(x) A ~Q(X))
Jx. Vx.
Vy. dy.
/Owe of the biggest mistakes we see people make Wm
learning first—order logic for the first fime is truing
4 . . ) To write the whole statement in a single go, adding in
Available Predicates: guantifiers somewhat randomly fo try to get things to
Corgi(x) work,
Person(x) ~— \//

.

Loves(x, y)




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
Jx. Vx.
Vy. dy.

4 I
Available Predicates: Don't do thatr It's really, really hard To gel right on
a first fry.

Corgi(x)
Person(x)
Loves(x, y)

.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
Jx. Vx.
Vy. dy.
4 R Instead, use the approach we outlined here, Work slowly,

AIEIEDNE TR ETEs: going one step at a fime, and only adding in gquantifiers

Corgi(x) when you need Them,

Person(x)
Loves(x, y)

.




“All Ps are Qs.”
Vx. (P(x) = Q(x))

“No Ps are Qs.”
Vx. (P(x) » =Q(x))

“Some Ps are (Qs.”

Ix. (P(x) A Q(X))

“Some Ps aren't Qs.”

Ix. (P(x) A =Q(x))

Jx.
Yy.

VX.
dy.

a8 N
Avatlable Predicates: It you do, you're a lot less likely To make mistakes,

Corgi(x)

Person(x)
Loves(x, y)

.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
Jx. Vx.
Vy. dy.
4 R Going back to our programming analogy, you can wrife

Available Predicates: a lot of similar programs that all use it stafements and

Corgi(x) tor loops.
Person(x)
Loves(x, y)

.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))
Jx. Vx.
Vy. dy.
4 R However, you rarely write programs by just Throwing a

Available Predicates: bunch of loops and if statements randomly and hoping

Corgi(x) that it'll work - because chances are, it won'ft,

Person(x)
Loves(x, y)

.




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) ax. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) » = Q(x)) Ix. (P(x) A 7Q(x))
Jx. Vx.
Vy. dy.
4 R Instead ide | '
, , . , you work from the oufside in - add in a loop
FIEIGIDNS IO e when you need it, and if you need to nest an if
Corgi(x) statement, then you add i1 when you need i,

Person(x)
Loves(x, y)

.




" So at this point we've goffen some practice with the
fundamentals of franslation. Prefty much everything else
we'll be doing is just more advanced applications of fhese

\ comcePTS‘ \//




/To give you a betfer sense of how these covmcest\

scale up To more complicated examples, letrs walk through
some more complex statements and how o translate them.
Along the way, you'll see a bunch of nitty tricks and

. insights that will help you ouMol./




Lef's start off by seeing how to falk about pairs of
Things.

—




private int sumOf(int[] elems) {
int result = 0;

for (int 1 = 0; 1 < elems.length; i1++) {
result += elems[i];

}

return result;

Earlier, we Talked about this TJava code for iferating
over all the elements of an array.

/

—




private int sumOf(int[] elems) {
int result = 0;

for (int 1 = 0; 1 < elems.length; i1++) {
result += elems[i];

}

return result;

Let's imagine we want to write a different piece of code
that iterates over all pairs of elements in the array.
How might we do fhat?




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Here's one possible option using fhe venerable
*double—=tor—loop* pattern that you've probably gotten
fo know and love,




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

s with the regular ‘loop over the elements of an avw
loop, the double—tor—loop is a programming idiom, Once
you've seen i1 enough Times, you just know what it means
— and don't have to think too much abouT/iT./

gy




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

~ N
One inferesting detail about the double—=for—loop pattern

is thal putting one loop inside of anofher yields a way
of iterafing over pairs of things.

~— //

gy




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

— N

Turns out, we can adapt this idea to work in first—order
logic as well:

~— //

gy




for (int 1 =

/

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

~

/

private void printPairsIn(int[] elems) {

0; 1 < elems.length; i1++) {

for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

i

SN—

——

Lef's imagine that we have these two predicafes, one
of which says something is a pancake, and one of which

says That two Things taste similar,

/,____—f’

—



private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any two pancakes taste similar

— N

e I How might we translate fhis statement info first—order
Available Predicates: logic?

Pancake(x) N—
TasteSimilar(x, y) //

. /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any two pancakes taste similar

~ N
e RN This statement is different from our earlier one
Available Predicates: because it talks about any possible pair of objects
rather Than any possible individual object,

Pancake(x) N—
TasteSimilar(x, y) //

- /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any two pancakes taste similar

~ N
e RN The good news is that we can translate it in a way
Available Predicates: that bears a sfrong resemblance to the above Tava
code with a double for loop,

Pancake(x) N—
TasteSimilar(x, y) //

- /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any two pancakes taste similar

4 )

Available Predicates: Specifically, we'll proceed as follows,

Pancake(x) N—
TasteSimilar(x, y) //

. /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any two pancakes x and y taste similar

— N

4 . . I First, let's infroduce some new variables into our
AVTHEOIE FTEEOaEs: English so that we have names for things.

Pancake(x) N—
TasteSimilar(x, y) //

. /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any pancake x tastes similar to any pancake y

~ N
e RN We can then rejigger the English stfatement so that it
Available Predicates: looks like this, Atter all, this means the same Thing
as whal we starfed with,

Pancake(x) N—
TasteSimilar(x, y) //

- /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any pancake x tastes similar to any pancake y

~ SN
e N Now, we can think back fo our Arisfotelean form femplafes
Available Predicates: That we just gof veally tamiliar with and see how o
apply Them here,

Pancake(x) N—
TasteSimilar(x, y) //

- /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Any pancake x tastes similar to any pancake y

— N

4 . . I Since this statement says something to the eftect of
Available Predicates: ‘any pancake x has some special property..”

Pancake(x) N—
TasteSimilar(x, y) //

- /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) -
x tastes similar to any pancake y
)

4 )

Avdailable Predicates: . we can begin franslating it into logic like This,

Pancake(x)
TasteSimilar(x, y)

. /




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) -
x tastes similar to any pancake y
)

/

~

Available Predicates: Now, let's look at that middle portion and see it we

.

can Translate it as well,
Pancake(x)

TasteSimilar(x, y)

/




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) —
any pancake y tastes similar to x
)

4 )

Available Predicates: Reordering the statement gives us this o work with,

which exposes a bit more structure,
Pancake(x)

TasteSimilar(x, y)

- /




for (int 1 =

/

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

~

/

private void printPairsIn(int[] elems) {

0; 1 < elems.length; i1++) {

for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) -
Vy. (Pancake(y) —

)

x tastes similar to y

_

We can then rewrite it like this.




/

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

~

/

private void printPairsIn(int[] elems) {
for (int 1 =

0; 1 < elems.length; i1++) {

for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) -
Vy. (Pancake(y) —
x tastes similar to y
)

As a final step, we'll franslate that innermost portion,




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) —
Vy. (Pancake(y) —
TasteSimilar(x, y)
)

- B
Available Predicates: Tada: We're done,

Pancake(x)
TasteSimilar(x, y)

\ J




private void printPairsIn(int[] elems) {
for (int 1 = 0; 1 < elems.length; i++) {
for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) —
Vy. (Pancake(y) —
TasteSimilar(x, y)

)
)
4 . . ) We now have a statement That says that any Two pancakes
Available Predicates: faste similar, (We can debate whether this is True or nof
Pancake(x) in a separate quide.)

TasteSimilar(x, y)

. /




/

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

~

/

private void printPairsIn(int[] elems) {
for (int 1 =

0; 1 < elems.length; i1++) {

for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) —
Vy. (Pancake(y) —
TasteSimilar(x, y)
)

Hopetully, you can notice that there's a bit of a parallel
fo the TJava double for loop given above,




for (int 1

for (int j
}

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

/

0; 1 < elems.length; i1++) {
= 0; j < elems.length; j++) {

System.out.println(elems[i] + ",

Vx. (Pancake(x) —
Vy. (Pancake(y) —
TasteSimilar(x, y)
)

+ elems[j]);

~ The pair,”

it you think as quantifiers as a sort of ‘loop over N
everything” - which isn't that far from the fruth - fhen
the program and the formula both say ‘loop over one
thing, then loop over another, then do something with

//

—



/

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

~

/

private void printPairsIn(int[] elems) {
for (int 1 =

0; 1 < elems.length; i1++) {

for (int j = 0; j < elems.length; j++) {

System.out.println(elems[i] + ", " + elems[j]);

Vx. (Pancake(x) —
Vy. (Pancake(y) —
TasteSimilar(x, y)
)

/ . . . \
So it you ever need to write something where you're

dealing with a pair of things, you now know how: You
can just wrife fwo independent gquantifiers like fhis,

~— //

—




1T furns out, though, thal there's another way fo
a N\ express This concept that some people find a bit easier
Available Predicates: to wrap Their head around. For complefeness, let's
guickly Talk about this before moving on,

Pancake(x) )

TasteSimilar(x, y)

. /




Any two pancakes taste similar

4 )

Available Predicates: Let's go back fo our original statement,

Pancake(x)
TasteSimilar(x, y)

. /




Any two pancakes x and y taste similar

4 )

Available Predicates:

Pancake(x)
TasteSimilar(x, y)

As

betore, let's add in some variables names so that
we have ways of keeping our pancakes straight.

(Ever gotfen uour pancakes confused? It's a horrible

. /

SN—

way To start off your day.)

//

e



Any two pancakes x and y taste similar

4 )

Available Predicates:

Pancake(x)
TasteSimilar(x, y)

~

—~——

The idea is thal we know that, af fhis point, we're
going to be reasoning about a pair of pancakes, and

. /

N—

we're going To reason about them right now,

//

e



Any two pancakes x and y taste similar

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

Therefore, rather than infroducing Two quantifiers at
ditferent points in fime, we'll infroduce both quantifiers

/

al the same Time..

~— //

e




Vx. Vy. (x and y are pancakes —
x and y taste similar
)

4 )

Available Predicates:
Jlike this,

Pancake(x)

TasteSimilar(x, y)

. /




Vx. Vy. (x and y are pancakes —

)

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

/

x and y taste similar

/ . . . . .
Generally speaking, it is nof a good idea to infroduce

guanfifiers for variables all af once, buf in the special
case of working with pairs, if's perfectly safe,

~— //

e




Vx. Vy. (x and y are pancakes —
x and y taste similar
)

4 )

Available Predicates: So now all we have to do is franslate each of the

remaining English parts info English,
Pancake(x)

TasteSimilar(x, y)

. /




Vx. Vy. (Pancake(x) N Pancake(y) —
TasteSimilar(x, y)
)

4 )

Available Predicates:
Here's one way To do this,
Pancake(x)

TasteSimilar(x, y) /

. /




Vx. Vy. (Pancake(x) N Pancake(y) —

)

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

/

TasteSimilar(x, y)

And we've doner This is a fofally valid way fo franslate
our original statement into first—order logic,




Vx. (Pancake(x) — Vx. Vy. (Pancake(x) A Pancake(y) —
Vy. (Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y) )
)

franslation side—by—side with our original one.

4 I
Available Predicates: |: It's inferesting, and useful, fo put fhis second

Pancake(x)
TasteSimilar(x, y)

. /




Vx. (Pancake(x) — Vx. Vy. (Pancake(x) A Pancake(y) —
Vy. (Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y) )

)
)
a N |
Available Predicates: These statements look pretfy different, but they say
exactly The same thing, Both are perfectly correct,
Pancake(x)

TasteSimilar(x, y)

. /




Vx. (Pancake(x) — Vx. Vy. (Pancake(x) A Pancake(y) —
Vy. (Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y) )
)

deep going on here,
Pancake(x)

TasteSimilar(x, y)

. /

4 N
Available Predicates: |: There's actually something pretty cool and pretty




Pancake(x) = Pancake(x) N Pancake(y) —
Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y)

4 )

Available Predicates: For now, ignore the quanfifiers, Just look at the

predicates and how they relate,
Pancake(x)

TasteSimilar(x, y)

. /




Pancake(x) -
Pancake(y) =

Pancake(x) N Pancake(y) —
TasteSimilar(x, y)

TasteSimilar(x, y)

A-B-C

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

ANB-C

Abstractly, here are the fwo propositional logic patterns
used in fhe two statements,

/




Pancake(x) —

Pancake(y) =
TasteSimilar(x, y)

A-B-C

/

~

Available Predicates:

.

Pancake(x)
TasteSimilar(x, y)

Pancake(x) N Pancake(y) —
TasteSimilar(x, y)

ANB-C

~

—

These statements are actually logically equivalent fo one
another, (If you've checked out the Guide fo Negafing

/

SN—

Formulas, you'll see a cool way fo derive fhisr)

//

—



Pancake(x) = Pancake(x) N Pancake(y) —
Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y)

A-B-C = AMNB-C

" This patfern - changing a chain of implications into

a single implication and a lof of ANDs and vice—versa -

4 I is somefimes called Currying and has applications in
Available Predicates: functional programming. (This is a total aside.. you're nof
Pancake(x) — expected fo know this,)
TasteSimilar(x, y) J/

. /




Pancake(x) = Pancake(x) N Pancake(y) —
Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y)

A-B-C = ANB-C
/\)\Tima’fe\%, what's imporfant is thal you umolevs’famol\
that both of these statements say exactly the same
4 . . I thing and that you end up comfortable working with
Available Predicates: both of fhem. Feel free o use whichever one you like
Pancake(x) \_"ore but make sure you can quickly inferpret both,
TasteSimilar(x, y) —

. /




Lef's do another example of where we might want fo
go and work with pairs,

/

e




4 )

Available Predicates:
Let's swifch our predicates from pancakes to people,
Person(x)

Knows(x, y) /

. /




Everyone knows at least two people

/

~

Available Predicates:

.

Person(x)
Knows(x, y)

How might we franslate this stafement info first—order
logic?

/




at least two people

/ . . . . .
-~ N\ well, it seems like there's going 1o be a pair involved
Available Predicates: here somewhere, since There's something about
‘at least Two people” here,

Person(x) ~
Knows(x, y) //

. /




at least two people

ﬂvev, that does not mean that we should immedm
sfart writing out something about a pair of people.
Remember - we should owly introduce gquantifiers when

-~ N\ we immediately need them, and it's not clear fhat
Available Predicates: we need to start falking about these fwo people

Person(x) \ et
Knows(x, y)

. /




Everyone knows at least two people

4 )

Available Predicates: Instead, let's look at the overall structure of this

sfatement and see whaf it is that we're trying fo say.
Person(x)

Knows(x, y)

. /




Every person x knows at least two people y and z

4 )

Available Predicates: As usual, lef's start by infroducing some variables so

that we can keep track of who we're falking abouf,
Person(x)

Knows(x, y)

. /




Vx. (Person(x) —
X knows at least two people y and z
)

4 )

Available Predicates: We can then partially translate this statement using

the fechnigues we've seen so far.,
Person(x)

Knows(x, y)

. /




Vx. (Person(x) —
X knows at least two people y and z
)

4 )

Available Predicates: Now, we need to express the idea thal x knows fwo

people % and u,
Person(x)

Knows(x, y)

. /




Vx. (Person(x) —
X knows at least two people y and z

)

/

~

Available Predicates:

.

Person(x)
Knows(x, y)

There are a couple of ways fo do if, and since we've
got fime, we'll do it in Tfwo different ways,

/




Vx. (Person(x) —
X knows at least two people y and z

)

4 )

Available Predicates:

Person(x)
Knows(x, y)

. /

\ certain properTies,

/Pvevious\l{,, we Talked about working with pairs iw\
a universally—quantified setfing. Here, though, this
particular pair is going To be exisfentially quantified,
since we're saying thal there exist fwo people with

//

e



Vx. (Person(x) —
there are two people y and z that x knows

)

/

~

Available Predicates:

.

Person(x)
Knows(x, y)

IT might be easier to see that it we rewrite things like
This,

/




Vx. (Person(x) —
there are two people y and z that x knows

)
/-~ ™\ Thinking back to our double for loop infuition, let's see
Available Predicates: it we can translate this statement by nesting some
exisfential sfatements inside of one anothter,

Person(x) ~
Knows(x, y) //

. /




Vx. (Person(x) —
there is a person y that x knows and a different
person z that x knows.

)
4 I
Available Predicates:
I: Let's begin by rewriting the English like this, :l
Person(x)
Knows(x, y) /

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
there is a different person z that x knows

)
)
4 I
Available Predicates:
We can now make some progress translafing this,
Person(x)
Knows(x, y) 4

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
there is a different person z that x knows

)
)
_—
e ™\ We can then finish up the rest of this translation by
Available Predicates: Translafing This blue part in the middle, Buf that
shouldn't be too bad:

Person(x) ~
Knows(x, y) //

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
Jdz. (Person(z) A Knows(x, z) A
Z is a different person from y
)

4 )

Here's one way fo do ift,

Available Predicates: |:

Person(x)

Knows(x, y)

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
Jdz. (Person(z) A Knows(x, z) A
Z is a different person from y
)

4 )

Available Predicates: The last step is to say that 2 and y aren't the same

person,
Person(x)

Knows(x, y)

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
Jdz. (Person(z) A Knows(x, z) A
Z is a different person from y

)
)
) Even fhough we didn't explicitly list it in our list of
a N\ predicates, remember that first—order logic has the
Available Predicates: equality predicate built info if, so we're always allowed to
P sfate fthat fwo fhings are the same or are different,
erson(x)

Knows(x, y)

. /

e




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)

)

4 )

Available Predicates:

Person(x) [ Here's one way to do that,

Knows(x, y)

. /




Vx. (Person(x) —
Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)

)

4 )

Available Predicates:

[ And hey: We're done:

Person(x)

Knows(x, y)

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)

)
/ . . . . .
4 N\ Notice how we're using a pair of nested existential
Available Predicates: guantifiers To express the idea that there's a pair of
people with specific properfies,

Person(x) ~
Knows(x, y) //

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)

)
—
/-~ ™\ Hopefully, this seems familiar, since it's closely related
Available Predicates: fo the analogous doubly—nested gquantifiers we saw
when falking about pairs of pancakes,

Person(x) ~
Knows(x, y) //

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)

/ . . . \
e ™\ Just as we could write *any pair of pancakes” in fwo
Available Predicates: ways, we can write *some pair of ditferent people” in
Two ways,

Person(x) ~
Knows(x, y) //

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)
)

Jy. dz. (Person(y) A Person(z) Az # y A
Knows(x, y) A Knows(x, z2)

)
/ . .
e ™\ Here's The alternafive approach, Here, we infroduce
Available Predicates: the quanfifiers tor y and z at the same fime, Then
constrain y and z with preconditions at the same fime,

Person(x) ~
Knows(x, y) //

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)
)

Jy. dz. (Person(y) A Person(z) Az # y A
Knows(x, y) A Knows(x, z2)

)
ATrese wo approaches are complefely equivalent, and ot
of them are correct, As with quantifying over pairs
4 . ‘ I using Vv, it's a good idea To get comfortable with
Available Predicates: quantifying over pairs using 3 with both of these

Person(x) N approaches,
Knows(x, y)

. /




Jy. (Person(y) A Knows(x, y) A
dz. (Person(z) A Knows(x, z2) AN 2 # V)
)

Jy. dz. (Person(y) A Person(z) Az # y A
Knows(x, y) A Knows(x, z2)

)
(m?vob\em Set Two, you'll get 1o consider a vaviam
on this problem: how would you express the idea that
4 I This person x knows exactly fwo people? Thal's a trickier
Available Predicates: proposition, but (hypothefically speaking) you may want
Person(x) — To use this basic sefup as a sTarfing point,
Knows(x, y) ‘//

. /




el N
There's one last topic 1'd like to speak about in this

quide, and that's what happens when you start talking
about sefs and set theory in first—order logic,

N— \//




e o

ven it you don't find yourself talking about set theory

much in first—order logic, the lessons we'll learn in the
course of exploring fhese sorts of translations are

extremely valuable, especially when it comes 1o checking

N— \//

4your work,




~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

Lef's imagine that we have the set of predicates over 1o
the left., We can say that something is a set, that one
thing is an element of something else, thal something

/

is an infeger, and that something is negafive,
N—

e




The set of all natural numbers exists

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

I:How might we franslate this stafement info first—order

logic?

|

/

e



The set of all natural numbers exists

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

This statement is, in many ways, quite different from fhe
ones we've seen so far,




The set of all natural numbers exists

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

First, the statement doesn't seem fo look anything like

the Aristotelian forms that we saw earlier. Instead,

/

T jusT says that something exists,

~— //

e




The set of all natural numbers exists

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

. . . \
Second, this statement rvefers to a specific thing - the

sef of all nafural numbers - and so i1's not exactly

/

clear how we'd actually translate this into logic.

~— //

e




The set of all natural numbers exists

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/ . . . \
It you encounter a statement like this one, which asks

you To show that something exists, it offen helps 1o

/

retrame the statement to franslate in a different light,

~— //

e




The set of all natural numbers exists

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

Rather than saying ‘this specific thing exists..”

/

//

—



There is a set that is the set of all natural numbers

~ —~—

| — [ T
Available Predicates: we can say something like This — that o ')W‘e sefs Tha’f
are oul there, one of them has some special properties,

Set(x) -
X € AY //

Integer(x) ~

Negative(x)

.




There is a set that is the set of all natural numbers

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

—~——

This looks a lot more like the forms that we saw earlier,
so we can starf fo franslate it info first—order logic

/

using similar fechnigues.
N—

//

—



3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates:\ |: :l
Here's one way that we can gel this translation started.
Set(x)
X Ey /
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates: So now we need fo find a way fo pin down the fact
that S is the set of all natural numbers,
Set(x)
X EY
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
Available Pr‘edicates;\ To do SO, let s take a few minutes to think about
how we might do that,
Set(x)
XEY
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
S is the set of all natural numbers
)

ae've going fTo say that S is the set of all mamva\\

numbers, we're probably going to need to find some
way To falk about ifs elements, Affer all, sefs are

™\ uniguely defined by Their elements, so if we want to say
Available Predicates: That we have a set with a certain property, we can
Set(x) \olo so by saying That it has the right e\eme/vﬁs./
XEYy
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates: We're not sure how we're going fo do fhat, buf at least
we know fo keep an eye out for fhaf,
Set(x)
XEYy
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates: Next, we need 1o find a way 1o say fhal something is
a natural number,
Set(x)
X EY
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
We have the ability o say that something is an infeger
N\ or that something is negafive, and that might come
Available Predicates: in handy - The natural numbers are the infegers
That aren't negative:

Set(x)
X €Y //

Integer(x) iy

Negative(x)

.




3S. (Set(S) A
S is the set of all natural numbers
)

So even it we have no idea where we're qoing right now,
we af least know that (1) we want fo say something about

Available Predicates: fhe elements of S, and (2) we're going to try to say
Set(x) something about how they're integers thal aren't negative,
XEy
Integer(x) ~/
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
~ N
\ Rather fThan just show you the final answer, let's see how
Available Predicates: not to do this,
Set(x)
X €y //
Integer(x) iy
Negative(x)

. /




1S. (Set(S) A

A S is the set of all natural numbers A
)
~ N
\ As betore, I'm going To put up the emergency warning

Available Predicates: flags indicating that we'vre doing something wrong here.

Set(x) -
X €Y —

Integer(x) iy

Negative(x)

.




1S. (Set(S) A

A\

)

S is the set of all natural numbers A
~ N
\ Lef's fry an inifial approach, What does it mean for S

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

N—

fo be the set of all nafural numbers?

//

e



1S. (Set(S) A
A S contains all the natural numbers A
)

Here's a reasonable — but incorrect - way of thinking
about it, If you don't see why this is incorrect, don't
Available Predicates: worry! It's subtle, which is precisely why we're Taking
Set(x) — the fime to go down this route,

X €V //

Integer(x) iy

Negative(x)

.




1S. (Set(S) A

A S contains all the natural numbers A
)
Available Predicates: Now, how might we translate fhis red statement info
first—order logic?
Set(x)
XEy
Integer(x) iy
Negative(x)

. /




1S. (Set(S) A

A every natural number is an element of S A
)
Available Predicates: Agaln, letrs change up The OVOlGViV]g of the EV]Q“SV\ To
expose a biT more structure,
Set(x)
XEY
Integer(x) iy
Negative(x)

- /




3S. (Set(S) A
Vx. (x is a natural number — A
x is an element of S

A\

)

Available Predicates:

Set(x)
XEYy
Integer(x)
Negative(x)

.

This mafches one of our nice Aristofelian forms, so we
can rewrife it like This,

/




3S. (Set(S) A
Vx. (x is a natural number — A
X €S

A\

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

We can clean up the consequent of thal implication (the
part that's implied) using fhe predicates we have available,




1S. (Set(S) A
A Vx. (x is an integer and x isn't negative — A
x €S
)

—~——

As tor The antecedent - as we saw earlier, the
Available Predicates: natural numbers are the infegers that aren't negative,
so we can say something like this,

Set(x) — ¢ d

- - //

Integer(x) iy

Negative(x)

.




3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) — A
X €S

A\

)

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

Ee can then translate that info logic like this, Done: |£|

/

e




1S. (Set(S) A

A\

Vx. (Integer(x) A ~Negative(x) — A
X €S
)
_—
\ So it seems like we're done, but we still have those

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

big red warning signs everywhere, Why doesn't this

/

N—

work?

//

e



1S. (Set(S) A

A Vx. (Integer(x) N ~Negative(x) — A
X €S
)
)
~ N

™\ well, fundamentally, the way This stafement works is by

Available Predicates: saying ‘There is some set S that is the set of all
natural numbers.,”

Set(x) -
X €Y —

Integer(x) iy

Negative(x)

.




3S.

Available Predicates:

Set(x)
XEy
Integer(x)

~ N

Since this is an existentially—quantified statement, if's
True if we can find a choice ot S that makes it true.

Negative(x)

. /

~— //

—



3S.

—
We've Tried To structure this statement with fhe infent
Available Predicates: that, specifically, the only choice ot § That will work
should be N, the set of all natural numbers.

Set(x) —
X €y —

Integer(x) iy

Negative(x)

.




3S.

Available Predicates:

Set(x)
XEy
Integer(x)

~

—~——

It we can make this statement frue without choosing
S fo be the set ot all natural numbers, then we haven't

Negative(x)

. /

N—

actually stated thal N exists,

//

e



1S. (Set(S) A

A\

Vx. (Integer(x) A ~Negative(x) — A
X €S
)
~ N
\ Unfortunately, it is enfirely possible fo choose a set

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

N—

besides N fthat makes this formula true.

//

e



3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) — A
X €S

)

Available Predicates:

Set(x)
XEY

Integer(x)

.

Negative(x)

/

Choose S = R.

|: Specifically, what it we choose § to be the set R? :l

/

e




Set(S)

Available Predicates:

Set(x)
XEYy
Integer(x)
Negative(x)

.

/

Choose S = R.

_

That means that S is definitely a seft.

|




A\

Vx. (Integer(x) A ~Negative(x) — A
X €S

)

Available Predicates:

Set(x)
XEYy
Integer(x)
Negative(x)

.

/

Choose S = R.

.and fhis part of the formula is true: every nonnegative
infeger is confained in S,




A Vx. (Integer(x) A ~Negative(x) — A
X €S

)

Available Predicates:

Set(x)
XEy
Integer(x)

Choose S = R.

This means That the stafement we've writfen doesn't
say ‘The set of all natural numbers exists.” It says
“there is some sef Thal contains all the natural numbers,”

Negative(x)

. /

SN—

which is similar, but not the same thing.

//

e



A\

Vx. (Integer(x) A ~Negative(x) — A
X €S

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

Choose S = R.

@mevﬁa\\%, The issue with this franslation is that W

put on a set of minimum requirements on S, not a set of
exact requirements, As a result, it's possible fo make
this tormula frue with a choice of $ that has some, buf
not all, of the properties of N, We're going fo need

/

\To rework the formula to correct that oleﬁci/emcq,./

e




A\

Vx. (Integer(x) A ~Negative(x) — A
X €S
)
Choose S = R.
— ~
\ To do so, lef's go back in time 1o the last point where

Available Predicates:

Set(x)
XEYy
Integer(x)
Negative(x)

.

/

N—

everything was working correctly..

//

—



3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates:\ |: :l
.. which was this point here:
Set(x)
X Ey /
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
S is the set of all natural numbers

)
Okay, so we know that just saying *S contains all the
\ natural numbers” isn't going To work, because other
Available Predicates: sets besides R can also contains all the wnatural
Set(x) — humbers,
X €y //
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates:\ |: :l
So whal other approaches can we Take?
Set(x)
Xey /
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
S is the set of all natural numbers

)
I'm going fo show you another approach that doesn't
\ work, which is a common strategy Thal we see students
Available Predicates: fake affer they realize that the previous approach
is incorrect,

Set(x) N—
X €y //

Integer(x) iy

Negative(x)

.




1S. (Set(S) A

A S is the set of all natural numbers
)
Available Predicates:
Set(x) [ Again, up go the warning signs:
XEy
Integer(x)
Negative(x)

. /




1S. (Set(S) A
S is the set of all natural numbers A

A

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

me we should think about this ditferently, The reason
that we could gef away with choosing R for our set S

was that our formula said *S has To have at least fhese
elements,” What if we try a different factic and say

/

9
— that S has to have at most fhese e\emevﬁ/s/

e



1S. (Set(S) A
A the only elements of S are natural numbers A
)

~

Available Predicates: That is, what if we fry replacing fhe previous blue
statement with this red statement?
Set(x)
X Ey
Integer(x) iy
Negative(x)

- /




1S. (Set(S) A

A the only elements of S are natural numbers A
)
Available Predicates:
This isn't the same thing as before.. do you see why?
Set(x)
XEYy /
Integer(x) iy
Negative(x)

- /




1S. (Set(S) A

A the only elements of S are natural numbers A
)
Available Predicates: Given That it's different, let's see if we can translate
This info first—order logic,
Set(x)
XEYy
Integer(x) iy
Negative(x)

- /




3S. (Set(S) A
A every element of S is a natural number A
)

Available Predicates: Rewording This statement and introducing some variables
helps make clearer what we've going to do next,
Set(x)
X Ey
Integer(x) -
Negative(x)

. /




3S. (Set(S) A
Vx.(x €S -

A

)

X IS a natural number

~

Available Predicates:

Set(x)
XEYy
Integer(x)
Negative(x)

.

This statement mafches one of our forms, so let's
go and franslate if,

/




1S. (Set(S) A

Vx.(x €S - A

X IS a natural number

A

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

And, since we've seen earlier how fo express the idea
that x is a nafural number..

/




1S. (Set(S) A

Vx.(x €S - A

Integer(x) N ~Negative(x)

A

)

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

I: .we can complete our franslation like this, :l

/

e




3S. (Set(S) A
Vx.(x €S -

A

)

Integer(x) N ~Negative(x)

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

_

So we're doner Bul is it correct?

|




1S. (Set(S) A

Vx.(x €S - A

Integer(x) N ~Negative(x)

A

)

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

As betore, we should check To make sure that fhe only
way this stafement can be made frue is by picking S fo
be The set of all nafural numbers., Is that really the

/

case?

~— //

e




1S. (Set(S) A

Vx.(x €S - A

Integer(x) N ~Negative(x)

)

Available Predicates:

Set(x)
XEY

Integer(x)

.

Negative(x)

/

Choose S = {137}.

[UwfovfumaTe\%, no., What it we pick fhis choice for S?:l

/

e




Set(S)

Choose S = {137}.

Available Predicates:
Well, it's a sef.

Set(x)

XEy
Integer(x)
Negative(x)

. /




A Vx.(x €S - A

Integer(x) N ~Negative(x)
)

Choose S = {137}.

a natural number,

Available Predicates:\ . and This stafement is frue: every element of S is indeed
Set(x)

XEYy
Integer(x)
Negative(x)

. /




A

Vx.(x €S - A

Integer(x) N ~Negative(x)

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

Choose S = {137}.

So our Translation isn't correct - even if there is no
set of all natural numbers, we can still make the formula
True by picking some other set. in this case, any set
that happens to only contain natural numbers.,

e




A Vx.(x €S -

Integer(x) N ~Negative(x)

)

Available Predicates:

Set(x)
XEy
Integer(x)

Choose S = 0

Inferesting, we could have also chosen S - @ as a
counterexample, Then this inner statement happens to
be vacuously True because There are no elements ot S

Negative(x)

. /

SN—

fo speak of:

//

e



3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) —
X €S

/N )

)

3S. (Set(S) A
Vx.(x €S -
Integer(x) N ~Negative(x)

)

Set(x)
XEy
Integer(x)
Negative(x)

.

Available Predicates:

/

|:s

0 here are our Two aftempted franslations, each of
which isn'1 correct,




3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) —
X €S

/N )

)

3S. (Set(S) A
Vx.(x €S -
Integer(x) N ~Negative(x)

)

Set(x)
XEy
Integer(x)
Negative(x)

.

Available Predicates:

/

§

nterestingly, although each of them is wrong, they've
wrong in complementary ways,




3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) —
X €S
)

VAN ) VAN

Our first stafement was wrong because it lef us choose
Available Predicates: sets that had all the natural numbers, plus some other
Set(x) things that shouldn't be fhere,

X N—
e - //

Integer(x) iy

Negative(x)

.




3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) —

However, nofice that we can't pick an S thal misses
any natural numbers, because the inside says that all

the natural numbers should be there.

X €S
)
FAN )
—
Available Predicates:
Set(x) ~
XEy
Integer(x)
Negative(x)

. /

//

e



3S. (Set(S) A
Vx.(x €S -
Integer(x) N ~Negative(x)

)

/ . . .
This second statement was incorrect because it let us

Available Predicates: choose sefs S with foo few elements, since all it required

was That elements that were present were nafural numbers,

Set(x) ~_

- - //

Integer(x) iy

Negative(x)

.




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)
)
)
_—
However, note That this formula doesn't let us choose
Available Predicates: a sef S that contains anything that's not a natural number,

since it requires everuthing in S To be a natural number,

Set(x) -l
X €y —

Integer(x) iy

Negative(x)

.




3S. (Set(S) A
Vx. (Integer(x) A ~Negative(x) —
X €S
)

VAN ) VAN

3S. (Set(S) A
Vx.(x €S -
Integer(x) N ~Negative(x)

)
)
Available Predicates:
In a sense, you can think of our franslations this way..

Set(x)

XEYy /
Integer(x) iy
Negative(x)

. /




Vx. (Integer(x) A ~Negative(x) —
X €S

)

3S. (Set(S) A
Vx.(x €S -
Integer(x) N ~Negative(x)

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/

(NCS)

_

This first part says *N < §,* since it requires that
every natural number be in S,




A

Vx. (Integer(x) A ~Negative(x) —

)

X €S

(NCS)

Vx. (x €S - (5 CN)
Integer(x) N ~Negative(x)

)

Set(x)
XEYy
Integer(x)
Negative(x)

.

Available Predicates:

_

This second part says S € N, since it requires that
every element of S be a nafural number,

/




A

Vx. (Integer(x) A ~Negative(x) —

)

X €S (N C S)

Vx.(x €S - (5 € N)

)

Set(x)
XEYy
Integer(x)
Negative(x)

.

Available Predicates:

Integer(x) N ~Negative(x)

In other words, each individual constraint doesn't
guaranfee that $ has o be N, bul the two statements
collectively would require that § - N

/




A

Vx. (Integer(x) A ~Negative(x) —

)

X €S

(NCS)

Vx. (x €S - (5 CN)
Integer(x) N ~Negative(x)

)

Set(x)
XEYy
Integer(x)
Negative(x)

.

Available Predicates:

|:L

et's wind back the clock and see if we can use This
fo our advantage,

/




3S. (Set(S) A
S is the set of all natural numbers

)
Available Predicates:\ |: :l
So This is the last point where we had the right idea,
Set(x)
Xey /
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
S is the set of all natural numbers

)

Available Predicates:

Set(x)
XEy
Integer(x)

~

—~——

The problem was that in the last fwo cases, we kept
mistranslating this blue statement, which got us the wrong

Negative(x)

. /

N—

aNSwWer ,

//

e



1S. (Set(S) A

SSN A
NS S
)
| N
Available Predicates:
|: So what if we Tfranslate it like This? :l
Set(x)
X Ey /
Integer(x) iy
Negative(x)
\ /




3S. (Set(S) A
SC N A

NES

~

Available Predicates: We can then snap in the two parts of the formulas
that we built up earlier..
Set(x)
XEYy
Integer(x) o
Negative(x)

. /




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)
) A
Vx. (Integer(x) A ~Negative(x) —
XES
)
)
. N
Available Predicates:
|: .like This,
Set(x)
X €y
Integer(x)
Negative(x)

. /




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)
) A
Vx. (Integer(x) A ~Negative(x) —
X €S
)
)
. N
Available Predicates:
I: And heyr This actually works: :l
Set(x)
X Ey /
Integer(x) iy
Negative(x)

. /




Vx.(x €S -
Integer(x) N ~Negative(x)

)

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

1 we choose an § that contains something it shouldn't,
This parT will catch if..

/




Vx. (Integer(x) A ~Negative(x) —
X €S
)

~

Available Predicates: .and it we pick an $ that misses something it was
supposed to contain, this part catches if:
Set(x)
XEy
Integer(x) iy
Negative(x)

. /




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)
) A
Vx. (Integer(x) A ~Negative(x) —
XES
)
)
. N
Available Predicates:
|: So in that sense, we have a working tormula: :l
Set(x)
X Ey /
Integer(x) iy
Negative(x)

. /




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)
) A
Vx. (Integer(x) A ~Negative(x) —
X €S
)
)
| )
Available Predicates:
|: As a final step, fThough, we can clean this up a bit, :l
Set(x)
X Ey /
Integer(x) iy
Negative(x)

. /




X€ES -
Integer(x) N ~Negative(x)

Integer(x) A ~Negative(x) —

X €S
Available Pr‘edicates;\ Look af ﬂnese Two imp\icafiows.
NoTice anything about Them?
Set(x)
XEY
Integer(x)
\ Negative(x) /




X€ES -
Integer(x) N ~Negative(x)

Integer(x) A ~Negative(x) —

X €S
Available Predicates:\ Except for the fact fhaf the antecedent and fhe
consequent have been swapped, They're the same:
Set(x)
XEYy
Integer(x) iy
\ Negative(x) /




X€ES -
Integer(x) N ~Negative(x)

Integer(x) A ~Negative(x) —

X €S
Available Predicates: And hey.. don't we have a specia\ SI{TYYIbO\ To say That
A - B and that B8 - A?
Set(x)
XEYy
Integer(x) iy
\ Negative(x) /




1S. (Set(S) A

Vx.(x €S -
Integer(x) N ~Negative(x)

) A

Vx. (Integer(x) A ~Negative(x) —
X €S

)

Available Predicates:\ |: So as a final step, let's take this formula and

rewrite iT using fhe biconditional connective,
Set(x)

X Ey
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))

)
Available Predicates:\ |: :l
That ends up looking like this,
Set(x)
X €Y /
Integer(x) iy
\ Negative(x) /




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))

)
Available Predicates:\
|:T\nis single biconditional contains everything we need, :l
Set(x)
X Ey /
Integer(x) o
\ Negative(x) /




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))
)

M

o be a natural number.”

Available Predicates:\ In the forwards divection, if says ‘everything in S needs
Set(x)

XEy
Integer(x)
Negative(x)

. /




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))

S NG

Available Predicates: In the reverse direction, it says ‘every wnatural number
needs To be in S,
Set(x)
XEYy
Integer(x) iy
Negative(x)

. /




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))

)

~

Available Predicates:

Set(x)
XEy
Integer(x)
Negative(x)

.

/ﬁemeva\\%, it you're trying to wrife a statement N\

in first—order logic that says that some set exists (which,
hypothetically speaking, might happen somefime soon),
you might find yourselt using a bicondifional fo pin down
the elements of the set, I1's an easy way o say

/

N ‘the set contains precisely these e\emevﬁs/."/

e




/ . . . \
Wow! We've covered a ton in this guide., Before we

wrap up, let's briefly vecap the major themes and ideas
from what we've seen here.

— //

—




“All Ps are Qs.” “Some Ps are (s.”

x. (P(x) =» Q(x)) Ix. (P(x) A QX))

“No Ps are Qs.” “Some Ps aren't Qs.”

Vx. (P(x) = —=Q(x)) Ix. (P(x) A ~Q(x))

/Fivs’(, we saw These four basic stafement building b\ocks.\

These are idiomafic expressions in firstT—order logic - the same
way That a tor loop over an array is idiomatic in most
programming languages - and are exfremely useful in

assembling more complex statements,
\ I/

——




“All Ps are Qs.” “Some Ps are (s.”

Vx. (P(x) - Q(x)) Ix. (P(x) A Q(x))
“No Ps are Qs.” “Some Ps aren't Qs.”
Vx. (P(x) - =Q(x)) Ix. (P(x) A =Q(X))

Vx. (Person(x) -
x loves at least one corgi y
)

~ N

We saw thal franslating things incrementally, going one
sfep at a fime and judiciously rewriting the English, is
a reliable way To end up with good franslations. Plus,

it sidesteps a fon of classes of mistakes,
N—




Vx. (Pancake(x) — Vx. Vy. (Pancake(x) A Pancake(y) —
Vy. (Pancake(y) — TasteSimilar(x, y)
TasteSimilar(x, y) )
)

that there are mulfiple ways of doing so.

E\/e saw how fo quanfify over pairs of things, and saw




A Vx.(x €S -

Integer(x) N ~Negative(x)

)

Choose S = {137}.

~ N
We saw that we can check our work by plugging in specific
values and seeing whether they work they way we expect
Them to work,

~— //

——d




3S. (Set(S) A
Vx. (x € S & Integer(x) N ~Negative(x))
)

And, finally, we saw where biconditionals come from,
especially in set theory confexts,




—

Hope this helps:

Please feel free fo ask

™~

guestions it you have them,



- TN
Did you find this usetul? 11
so, let us know! We can go

and make more gquides like these,

N— \//
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